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Abstract The friction and diffusion coefficients of a

tracer in a Lennard–Jones (LJ) solvent are evaluated by

equilibrium molecular dynamics simulations in a micro-

canonical ensemble. The solvent molecules interact

through a repulsive LJ force each other and the tracer of

diameter r2 interacts with the solvent molecules through

the same repulsive LJ force with a different LJ parameter

r. Positive deviation of the diffusion coefficient D of the

tracer from a Stokes–Einstein behavior is observed and the

plot of 1/D versus r2 shows a linear behavior. It is also

observed that the friction coefficient f of the tracer varies

linearly with r2 in accord with the prediction of the Stokes

formula but shows a smaller slope than the Stokes pre-

diction. When the values of ratios of sizes between the

tracer and solvent molecules are higher than 5 approxi-

mately, the behavior of the friction and diffusion coeffi-

cients is well described by the Einstein relation D = kBT/f,

from which the tracer is considered as a Brownian particle.

Keywords Friction � Diffusion � Tracer �
Lennard–Jones solvent � Molecular dynamics simulation �
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1 Introduction

Understanding friction and diffusion properties of mole-

cules in liquids is a fundamental problem in statistical

mechanics and the physics of liquid state. They are

important for basic and applied problems in physical

chemistry and biology since many processes are diffusion

limited. Most of the mixtures and solutions of these two

domains are characterized by very large size and mass

ratios between the solute and solvent molecules. In colloids

and micellar solutions, the large and massive particles such

as micelles or colloids which coexist with the atoms, ions,

or small molecules of the solvent are typical examples of

so-called Brownian particles.

It is well known that the diffusion coefficient D of a

large and massive particle immersed in a solvent of much

smaller and lighter particles is related to the solvent vis-

cosity g by the Stokes–Einstein (SE) equation

D ¼ kBT

Cpgr2

ð1Þ

where T is the absolute temperature, kB the Boltzmann

constant, and r2 the radius of the diffusing particle. C is the

hydrodynamic boundary condition which is 4 for ‘slip’ and

6 for ‘stick’ [1]. This relation has been verified experi-

mentally in great detail [2] and is theoretically well

understood [3]. If the size of the diffusing particle is not

large compared to that of the solvent molecule, the Stokes–

Einstein relation is not expected to remain valid.

When the tracers have a quasi-macroscopic size, from

hydrodynamic arguments the Stokes law can be derived. It

gives an expression of the friction coefficient

f ¼ Cpgr2: ð2Þ

In many suspensions, the values of ratios of masses and

sizes between the solute and solvent molecules are only the

order of 10 and the possibility that the solute can be

considered as a Brownian particle becomes questionable.

The problem here is that of the determination of the lower

bounds of the size and mass ratios above which the motion

of the solute is Brownian. The criterion chosen to locate
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these bounds is that the diffusion coefficient of the solute

obeys the Einstein relation between D and f:

D ¼ kBT

f
: ð3Þ

Ould-Kaddour and Levesque performed a molecular

dynamics (MD) to determine the range of the size and mass

values of the solute particles where the solute diffusion

coefficient is well estimated from the SE formula. They

concluded that positive deviations from the SE formula are

observed as the size ratio or the mass ratio of the tracer to

the solvent molecules is lowered and that for equal solvent

and tracer molecular masses, the crossover to the

hydrodynamics regimes is found to occur when the size

ratio is *4 [4].

Willeke [5] also carried out MD simulations to inves-

tigate the mass ratio dependence of the tracer self-diffusion

coefficient as a function of density and length diameter

ratio r22/r11 and found that for r22/r11 [ 1 the SE pre-

diction is not valid for mass ratios 1/16 B m2/m1 B 50, and

for r22/r11 [ 2 and for m2/m1 \ 1 the SE regime is

reached for smaller densities that for the same system but

m2/m1 [ 1.

The test of SE formula for the size ratio or the mass ratio

of the tracer was further discussed by Sokolovskii et al. [6]

for hard sphere fluids, by Cappelezzo et al. [7] for Len-

nard–Jones (LJ) fluids, by Funazukuri et al. [8] for super-

critical and liquid conditions, and by Harris [9] for LJ,

molecular, and ionic liquids.

In a recent study [10], the friction and diffusion coeffi-

cients of a massive Brownian particle in a mesoscopic

solvent are computed from the force and the velocity

autocorrelation functions. There are no intermolecular

forces among the solvent molecules. The mesoscopic sol-

vent is described in terms of free streaming of the solvent

molecules, interrupted at discrete time intervals by multi-

particle collisions[11–13] that conserve mass, momentum,

and energy, and the Brownian particle interacts with the

solvent molecules through repulsive Lennard–Jones forces.

The friction coefficient can be determined accurately from

either the decay rate of the momentum autocorrelation

function or the extrapolation of the long time decay of the

force autocorrelation function to t = 0, provided the

number N of solvent molecules is sufficiently large, typi-

cally N [ 30,000. Hydrodynamics effects on the velocity

autocorrelation function and diffusion coefficient are

studied as a function of Brownian particle mass and

diameter.

The purpose of this paper is twofold: First, we investi-

gate to locate the lower bounds of the size ratio above

which the motion of the solute is Brownian according to

the criterion that the diffusion coefficient of the solute

obeys the Einstein relation, Eq. 3, by carrying out simple

molecular dynamics (MD) simulations of a tracer in a LJ

solvent. Second, we use these calculations to predict fric-

tion and diffusion properties of the LJ particle as functions

of the size and mass ratios, especially for anti-Brownian

particle which has a small size and light mass compared to

those of the solvent molecule. This paper is organized as

follows: We present briefs of molecular models and MD

simulation methods in next section, theories for friction and

diffusion properties in Sect. 3, our simulation results in

Sect. 4 and concluding remarks in Sect. 5.

2 Molecular models and NVT MD simulations

It is often useful to divide more realistic potentials into

separate attractive and repulsive components, and the

separation proposed by Weeks et al. [14] involves splitting

the potential at the minimum (rm). For the Lennar-Jones

(LJ) potential, the repulsive part is called the WCA

potential:

vCWAðrÞ ¼ 4e r
r

� �12� r
r

� �6
h i

þ e; r� rm ¼ 21=6r

0; r� rm

(

ð4Þ

It should be noted that the potential vWCA(r) is

significantly harder than the inverse 12th power soft-

sphere potential, which is sometimes thought of as the

repulsive part of vLJ(r). The LJ parameters for the solvent

molecules are chosen as r2 = r1 = 0.2 nm and e =

e1 = 1.00604 kJ/mol. The preliminary microcanonical

ensemble (NVE fixed) molecular dynamics (MD)

simulation for N = 32,000 LJ particles of mass of

m = 3.9948 g/mol was started in the cubic box of length

L = 6.84 nm, of which the density is equal to 0.66334

g/cm3. The corresponding reduced number density is

q* = qr1
3 = (N/V)r1

3 = 0.8 which is a typical value used

for several MD simulation studies for transport coefficients

of the LJ model fluid [15]. The temperature of the system is

chosen as 40.33 K for comparison with the mesoscopic

solvent case [10] and T* = kBT/e1 = 1/3.

After a full equilibration of the solvent-only system, a

Lennard–Jones particle with various size (r2) and mass (M)

is introduced at the center of the cubic simulation box. The

tracer and LJ solvent molecule interacts through the above

WCA potential with LJ parameters of r = (r1 ? r2)/2 and

the same e = e1 = e2. In the beginning of each MD

simulation, the value of r2 is increased gradually from zero

to r2. Three set of M and r2 are chosen. (1) r2 = r1 and

M/m = 0.1, 0.5, 1, 5, 20, and 100, (2) M = m and

r2/r1 = 0.02, 0.1, 0.5, 1, 2, 5, and 10, and (3) M = ?
and r2/r1 = 0.02, 0.1, 0.5, 1, 2, 5, and 10. For size ratios

higher than 1, in order to maintain a constant value of the

pressure, the volume of the box was slightly increased by
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an amount that corresponds the excess volume occupied by

the tracer and so the length of the cubic simulation box for

the system is redefined by (N/L3)r1
3 ? (1/L3)r2

3 = 0.8.

Long range corrections to the energy, pressure, etc.

due to the potential truncation were included in these

properties by assuming that the pair distribution function

was uniform beyond the cutoff distance [16]. The equa-

tions of motion were solved using the velocity Ver-

let algorithm [17] with a time step of 0.2 9 10-14 s. The

systems were fully equilibrated and the equilibrium

properties were averaged over four blocks of 1,000,000

time steps of 10 different initial configurations. The

configurations of LJ particles were stored every five time

steps for further analysis.

3 Transport coefficients and time-dependent

autocorrelation functions

Shear viscosity of the LJ solvent is calculated by the

modified Green–Kubo formula for better statistical accu-

racy [18]:

g ¼ V

kBT

Z1

0

dt RihPiabðtÞ � Piabð0Þi; ð5Þ

where

Piab ¼
1

V
mviaðtÞ � vibðtÞ þ

X

j6¼i

riaðtÞ � fibðtÞ
" #

ð6Þ

with ab = xy, xz, yx, yz, zx, and zy, and diffusion

coefficient of the tracer is obtained through the Einstein

formula from mean square displacements (MSD):

D ¼ 1

6
lim
t!1

dh rðtÞ � rð0Þj j2i
dt

: ð7Þ

Transport properties are typically determined in

molecular dynamics (MD) simulations in the

microcanonical ensemble and some subtle issues are

encountered when determining the friction coefficient

from such simulations. These issues have been discussed

by Espanol and Zuniga [19]. Briefly, they are as follows: A

time dependent friction coefficient fu(t) in terms of the

force autocorrelation function is defined,

fuðtÞ ¼
1

3kBT

Z t

0

ds lim
M!1

hFðsÞ � Fð0Þi ð8Þ

and through the Laplace transforms of the projected and

unprojected force autocorrelation functions [20–22], in t

space, the following relation is obtained

fuðtÞ ¼ f e�f t=l: ð9Þ

The friction coefficient may then be estimated from the

extrapolation of the long time decay of the force

autocorrelation function fu(t) to t = 0 or from the decay

rates of fu(t).

The momentum autocorrelation function can be determined

from the Langevin equation and decays exponentially as

CðtÞ ¼ hPðtÞ � Pð0Þi=hPð0Þ2i ¼ e�f t=l: ð10Þ

The friction coefficient can be determined from the long

time decay rate of the momentum autocorrelation function.

In the microcanonical ensemble hP2i ¼ 3kBTl ¼
3kBTMNm=ðM þ NmÞ [19]. If the limit M?? is first taken

in the calculation of the time dependent friction coefficient,

then l = Nm. Since MD simulations are carried out at

finite N, the study of the N (and M) dependence of fu(t) and

the estimate of the friction coefficient from either the decay

of the momentum or force correlation functions is of

interest. This has prompted the MD simulations of the

momentum and force autocorrelation functions as a func-

tion of N into explore this question [10, 19, 23].

It is most interesting that for long times the values of fu(t)

can be obtained by the time derivative of C(t) in Eq. 10:

�Nm
d

dt
CðtÞ ¼ 1

3kBT
hFðtÞ � Pð0Þi

¼ 1

3kBT
lim
s!1

1

s

Zs

0

du Fðuþ tÞ � PðuÞ

¼ � 1

3kBT
lim
s!1

1

s

Zs

0

du FðuÞ � Pðuþ tÞ

¼ 1

3kBT
lim
s!1

1

s

Zs

0

ds FðuÞ � Pðuþ sÞ

¼ � 1

3kBT

Zs

0

ds FðsÞ � Pð0Þ ¼ nuðtÞ; ð11Þ

where hP2i = 3kBTNm and PðtÞ ¼ �
R t

0
ds FðsÞ were used,

and vice versa:

1� 1

Nm

Z t

0

ds fðsÞ ¼ cðtÞ; ð12Þ

where nu(t) and c(t) are used to distinguish from fu(t) and

C(t) in Eqs. 9 and 10, respectively. Substitution of C(t) in

Eq. 10 into Eq. 11 recovers Eq. 9 and also Eq. 10 is

recovered by substitution of fu(t) in Eq. 9 into Eq. 12.

4 Results and discussion

The viscosity for the solvent-only system of N = 32,000

Lennard–Jones (LJ) particles of mass m = 3.995 g/mol in
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the cubic simulation box of length L = 6.84 nm interacting

through the WCA potential with LJ parameters

r = 0.2 nm and e = 1.00604 kJ/mol at T = 40.33 K

obtained from Eq. 5 is g = 2.53 ± 0.02 mP (10-4 kg/m�s)

and the reduced viscosity g* = gr2(m)1/2 = 12.2.

For the case of r2 = r1 = 0.2 nm and M/m = 0.1, 0.5,

1, 5, 20, and 100, the diffusion coefficient of the tracer is

estimated as a function of M/m and is plotted in Fig. 1. The

prediction from the Stokes–Einstein (SE) Eq. 1 is that D

should be independent of M/m. This prediction is borne out

for r2/r1 = 1 (intra-diffusion): however, from our MD

simulations we found that D seems decreasing with

increasing M/m for mass ratios M/m between 0.1 and 5.

Using the SE relation with the slip boundary condition

would yield an underestimate of D and positive deviation

from the SE relation appears over the whole range of M/m.

In Fig. 1 the dotted line indicates the value of DSE at r2/

r1 = 0.1. We also observed that the hydrodynamics limit,

i.e., mass independent behavior, is reached for M/m above

5. That is, D first decreases as the tracer mass increases,

and then levels off at a mass independent value. This

leveling-off takes place for mass ratios M/m between 5 and

100.

In Fig. 2 we plot the diffusion coefficient of the tracer as

a function of r2/r1 for the case of mass ratio equal to 1. In

order to facilitate the comparison with the SE relation, we

plot 1/D as a function of r2/r1 in Fig. 1. 1/D increases first

quadratically and then almost linearly as the size ratio

increases. Hence, the behavior of 1/D versus r2/r1 is

essentially linear for r2/r1 higher than 2 and that of 1/DSE

predicted from the Stokes–Einstein relation with the slip

boundary condition is also linear, of course, but for all the

range of r2/r1, DSE slightly underestimates the diffusion

coefficient of the tracer. For example, the ratio of the dif-

fusion coefficient as obtained from our molecular dynamics

(MD) simulations to that given by the SE relation is

DMD/DSE = 1.14, 1.06, and 1.09 for r2/r1 = 2, 5, and 10,

respectively.

In the definition of the friction coefficient three limit

procedures are involved; the long time limit (t??); the

thermodynamic limit (N??); and the infinite mass limit

M??) [19]. The Langevin approximation is expected to

be valid for a finite but sufficiently large mass of the tracer

and for a large number of solvent particles. If we first

consider the infinite time limit the resulting friction coef-

ficient is zero. The only way to have a non-zero value for

the friction coefficient is by first taking M??. In the

thermodynamic limit N??, the projected and unprojected

force autocorrelation functions are the same [10, 20–22]

and the expression Eq. 8 is possible. Since MD simulations

are carried out at finite N, the study of the N (and M)

dependence of fu(t) and the estimate of the friction coef-

ficient from either the decay of the momentum or force

autocorrelation functions is of interest.[10, 23]

In order to calculate the friction coefficients of the

tracer from Eqs. 8 and 10, the mass of the tracer, M,

becomes infinity, or the tracer is fixed in space using a

holonomic constraint method [24]. While the MD simu-

lation by using an infinite mass violates the equation of

motion since the tracer never moves with the force on it,

the constraint method MD simulation returns the tracer

back to its original position with zero velocity, and

trajectories by both MD simulations are not the same.

However, it is found that the momentum of the whole

system carried out by both the infinite mass and the

constraint method MD simulations are not conserved,

because the momentum of the tracer is not well defined

with zero velocity and infinite mass. Nevertheless, the

momentum of the fixed particle is defined as the nega-

tive of the total momentum of the solvent particles

[19, 23]. A reasonable trick for this difficulty is to put

the mass of the tracer as 1090 g/mol, and in this case the

Fig. 1 Diffusion coefficient, D (10-5cm2/s), of the tracer as a

function of M/m (the point of D = 1.943 9 10-5cm2/s at M/m = 100

is omitted). The dotted line indicates the value of DSE (=

1.75 9 10-5cm2/s) at r2/r1 = 1.0

Fig. 2 Diffusion coefficient, D (10-5cm2/s), of the tracer as a

function of r2/r1. filled square DMD as a function of r2/r1; filled
diamond 1/DMD as a function of r2/r1; dashed line, DSE=kBT/4pgr2 as

a function of r2/r1; and dot-dashed line, 1/DSE as a function of r2/r1
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momentum of the system is conserved: the magnitude of

the mass of the tracer is on the order of 90 and its

velocity is on the order of -90, but its momentum has a

finite value and is equal to the negative of the total

momentum of the solvent particles.

In Fig. 3 we plot the logarithm of the time dependent

friction coefficients fu(t) and nu(t), and that of the

momentum autocorrelation functions C(t) and c(t) for the

system of r2 = 2.0 nm, obtained from the momentum-

conserved MD simulations. A total of 6 friction coefficients

are estimated from these quantities. The first two, f1 and f2,

can be obtained directly from fu(t), from the extrapolation

of the exponential long time-decay of fu(t) to t = 0 f2 and

from the decay rate of fu(t) (f2), according to Eq. 9. We

have found that f1 may be determined correctly [10, 25]

and the final value of f1 obtained from Fig. 3 is 1.25 kg/

(mol�ps). However, it is difficult to determine f2 from the

slope of fu(t), -f2/Nm, especially for very large N where

the slope is close to zero. While the slopes scale as 1/N for

the smaller N values, the small value of the slope and

relatively large statistical error makes it difficult to deter-

mine this scaling for very large values of N.

The third is obtained from the decay rate, -f3/Nm, of the

normalized autocorrelation function, C(t). The momentum

autocorrelation functions of the tracer calculated from three

different MD simulations are wrong (not shown). The main

problem is the momentum conservation of the system. In

the case of the momentum-conserved MD simulation, the

total instantaneous momentum of the whole system is on the

order of -5 * -6, even when using the double precision

code. This might be related to the well-known rounding

error in calculation of velocity in the usual MD simulation.

The next possible explanation for this is related to the

thermodynamic limit (N??). In our MD simulation, since

Nm = 127.84 kg/mol, the slope of the logarithm of C(t),

-f3/Nm, should be -0.0098 ps to get f3 as the same value

of f1 = 1.25 kg/(mol�ps) above, which means that, at

t = 40 ps, ln C(t) = -0.39 and C(t) = 0.68. Hence, the

decay of C(t) should be very small even after 40 ps. Since

-f3/Nm scales as N-1, C(t) should decay very slowly for

large N. However, the actual value of ln C(t) at t = 40 ps is

-0.77 as seen in Fig. 3 and the final value of f3 obtained

from Fig. 3 is 2.29 kg/(mol�ps).

The fourth and fifth are obtained from nu(t), which is

derived by the time differentiation of C(t) using Eq. 11,

like f1 and f2, according to Eq. 9. It is notable that the

behavior of nu(t) has a similarity to that of fu(t) with a

multiplying factor. However, these friction coefficients are

wrong since C(t) is incorrect. The final friction coefficient

is obtained from the decay rate, -f6/Nm, of c(t). Since fu(t)

calculated directly from Eq. 8 is correct, c(t) obtained by

the time integration of fu(t) using Eq. 12 is also correct. As

discussed for C(t) above, c(t) should also decay very slowly

for large N and the value of ln c(t) at t = 40 ps is -0.43 as

seen in Fig. 3. The final value of f6 obtained from Fig. 3 is

1.37 kg/(mol�ps). If the momentum autocorrelation func-

tion C(t) calculated directly from Eq. 10 is correct, then

nu(t) obtained by time differentiation of C(t) using Eq. 11

should be the same as fu(t) calculated directly from Eq. 8.

That is, C(t) is not small enough to encounter the factor Nm

(= 127.84 kg/mol) in Eq. 11 for some reason. In order for

C(t) to be the same to c(t), C(t) should be reduced in

proportion to the ratio of the slopes f6/f3 = 1.37/

2.29 = 0.60 to encounter the factor Nm in Eq. 8.

In the previous mesoscopic molecular dynamics (MD)

simulation study [10] the systems were such that

N = 5,120 * 327,680, M/m = 5 N * 200 N and M =

?. The obtained friction coefficients of the Brownian par-

ticle from C(t) and fu(t) were almost the same for various

values of N and M, which means the calculated C(t) were

correct and the decay of C(t) scaled very well as N-1. C(t)

and c(t), and fu(t) and nu(t) for various values of N and M

were difficult to distinguish in the figures. In this mesoscopic

MD simulation using multiparticle collision dynamics, the

system is divided into several cells in which the mass,

momentum and energy are conserved. While the solvent

particles only near the Brownian particle interact with it, the

other particles far from the Brownian particle are momen-

tum-conserved in each cell. Since the momentum of the

Brownian particle is defined as the negative of the total

momentum of the solvent particles, the decay of C(t) is very

slow for large N. In the present MD simulation study, the

solvent particles interact with each other and the momentum

of the solvent particles far from the tracer is in question. If

we neglect the interaction between solvent particles, then

Fig. 3 Logarithms of the time dependent friction coefficients and

normalized momentum autocorrelation functions for the case of

r2 = 2.0 nm. Solid line, fu(t) calculated directly from Eq. 8; dotted
line, C(t) calculated directly from Eq. 10; dashed line, nu(t) obtained

by the time differentiation of the dashed line C(t) using Eq. 11; and

long-dashed line, c(t) obtained by the time integration of the dotted
line fu(t) using Eq. 12. The two straight dot-dashed lines are the

extrapolation of the exponential long time-decay to t = 0 to

determine f’s
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only short CWA interactions between the tracer and the near

solvent particles exist, and the other particles far from the

tracer undergo free streaming motion. In this case, we expect

that the decay of C(t) is very slow for large N. This test

system is currently under study.

Figure 4 shows the friction coefficients obtained from

our momentum-conserved MD simulations as a function of

r2. One sees that the friction coefficient varies linearly with

r2 in accord with the prediction of the Stokes formula,

Eq. 2. The hydrodynamic estimate of the friction

fh = Cpgr2 versus r2 with the slip boundary condition

(C = 4) using the independently computed viscosity

g = 2.53 9 10-4 kg/m�s of the solvent-only system is also

plotted in the same figure. The slopes are different from

each other: 0.115 9 10-2 and 0.159 9 10-2 kg/m�s,

respectively. If the hydrodynamic boundary condition is

chosen as C = 2.9 instead of 4, the two lines coincide with

each other. Therefore the slip boundary condition seems in

the present work to hold better than the stick boundary

condition, which is more expected for a repulsive LJ type

interaction between solute and solvent molecules.

With a rough estimate of the microscopic contribution to

the friction obtained using a hard sphere binary collision

model with the collision diameter chosen to be r12 =

(r1?r2)/2: fm = 8/3qr12
2 (2pmkBT)1/2, an estimate of the

friction that accounts for both microscopic and hydrody-

namic contributions to the friction is given by ft
-1 =

fm
-1 ? fh

-1 [26]. The theoretical prediction (ft) strongly

underestimates our MD simulation result for all the values of

r2. Comparing with the previous mesoscopic MD simulation

study [10], in which q = 2035.42 nm-3 and g = 4.70 9

10-4 kg/m�s with same m and T but r1 = 0, in the present

study with q = 100 nm-3 and r1 = 0.2 nm, the evaluation

of fm is very different from the mesoscopic MD study, where

fm is very high and fh is dominant in the evaluation of ft.

Finally we plot fD/kBT as a function of r2 in Fig. 4.

These value first decreases as r2 increases, and then levels

off at a r2 independent value of 0.79. This leveling-off

takes place for r2 between 1 nm and 2 nm. 1/DMD and

1/DSE versus r2/r1 are essentially linear as seen in Fig. 2

and DMD/DSE & 1.1 for large values of r2/r1 as discussed

above. Furthermore, fh and fMD versus r2 are also linear as

seen in Fig. 4 and fMD/fh & 0.115/0.159 = 0.72 for large

values of r2. Multiplication of these two ratios gives the

leveling-off value of fD/kBT. According to the Einstein

relation, Eq. 3, however, the value of fD/kBT is expected to

be 1 for all r2. If we choose the criterion that the solute can

be considered as a Brownian particle as the diffusion

coefficient of the solute obeys the Einstein relation between

D and the lower bound of the size ratio above which the

motion of the solute is Brownian is determined as

r2/r1 & 5 since the value of fD/kBT above this size ratio is

independent on r2, even though it is not exactly 1 as

expected by the Einstein relation. This result is in accord

with the earlier work of Ould-Kaddour and Levesque that

for M/m = 1, the crossover to the hydrodynamics regimes

is found to occur when r2/r1 *4.[4]

For the case of r2/r1 = 0.1, the tracer behaves essentially

as a point-like particle in the external potential created by the

solvent molecules. The value of fD/kBT at r2/r1 = 0.1 is

2.54 which is much larger than the leveling-off value of 0.79.

The friction coefficient, fMD = 0.040 kg/mol�ps, from our

MD simulation at r2/r1 = 0.1 is twice the hydrodynamic

estimate of the friction by the Stokes formula, Eq. 2,

fh = 4pgr2 = 0.019 kg/mol�ps, but as the size ratio

increases, they are almost equal at r2/r1 = 0.5 and for

r2/r1 C 1 the deviation from the prediction by the Stokes

formula becomes larger as discussed above. The diffusion

coefficient, DMD = 21.3 9 10-5 cm2/s, from our MD

simulation at r2/r1 = 0.1 is slightly larger than the predic-

tion from the Stokes–Einstein (SE) Eq. 1, DSE =

17.5 9 10-5 cm2/s. While for higher values of r2/r1, DMD/

DSE & 1.1 and fMD/fh & 0.72, at r2/r1 = 0.1, DMD/

DSE & 1.2 and fMD/fh & 2.1. The large value of fD/kBT at

r2/r1 = 0.1 compared to the leveling-off value is apparently

due to the large value of fMD. This indicates that the small

tracer with equal mass of the solvent molecule can move

easily around the gaps between large solvent molecules

interacting through a repulsive LJ force each other, but in the

calculation of the friction, the infinite mass of the point-like

particle might cause it to feel an abnormally large friction in

the external potential created by the solvent molecules.

5 Conclusion

In this paper we have presented a detailed investigation

of the diffusion and friction of a Lennard–Jones tracer in

Fig. 4 Friction coefficient, f (kg/mol�ps), of the tracer and f D/kBT as

a function of r2. filled circle fMD; filled square fMDDMD/kBT; dotted
line, fm = 8/3qr12

2 (2pmkBT)1/2; dashed line, fh = 4pgr2; and dot-
dashed line, ft

618 Theor Chem Acc (2010) 127:613–619

123



a solvent of similar molecules using microcanonical

molecular dynamics (MD) simulations. This work was

motivated by the determination of the lower bounds of

the size and mass ratios above which the motion of the

solute is Brownian. The criterion chosen to locate these

bounds is that the diffusion coefficient of the solute

obeys the Einstein relation between D and f. We did not,

however, attempt an investigation for the lower bound of

the mass ratio, since the only way to have a non-zero

value for the friction coefficient is by first taking M??
according to the ergodic postulate of equilibrium statis-

tical mechanics [20–22]. In the MD simulations we

observed that D decreases with increasing M/m for lower

ratios of M/m and the hydrodynamics limit, i.e., mass

independent behavior, is reached for M/m above 5. The

behavior of 1/D versus r2/r1 is essentially linear for

r2/r1 higher than 2 and that of 1/DSE predicted from the

Stokes–Einstein relation with the slip boundary condition

is also linear but for all the range of r2/r1, DSE slightly

underestimates the diffusion coefficient of the tracer. We

found that in the estimation of the friction coefficient f
of the tracer, f can be determined correctly from the

time dependent friction coefficient by measuring the

extrapolation of its long time to t = 0, but it is difficult

to determine f from the slope of the time dependent

coefficient due to the scaling of the slop as 1/N and from

the decay rate of the momentum autocorrelation function

due to the fast decay of the correlation function. It is

also found that the friction coefficient of the tracer varies

linearly with r2 in accord with the prediction of the

Stokes formula but shows a smaller slope than

the Stokes prediction. The value of fD/kBT as a test of

the Einstein relation first decreases as r2 increases, and

then levels off at a r2 independent value. This leveling-

off takes place for r2 between 1 nm and 2 nm. For the

values of r2/r1 higher than 5 approximately, the

behavior of the friction and diffusion coefficients is well

described by the Einstein relation, from which the tracer

is considered as a Brownian particle.
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